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Abstrat
There exists a large number of experimental and theoretial results supporting the piture of "marosopi
qubits" implemented by nanosopi Josephson juntions. On the other hand the standard model of suh systems
given in terms of a single degree of freedom suggests their semilassial behavior due to a loalization mehanism
aused by a strong oupling to an environment. Indeed, suh a mehanism is observed in an atomi Bose-Einstein
ondensate (BEC) plaed in a double-well potential - a systemmathematially equivalent to a Josephson juntion.
In this note it is shown, on the example of a Cooper pair box, that replaing the BEC-type model for Cooper
pairs by a lattie gas model one an redue the environmental eets of "dequantization" and an explain the
experimental data in partiular the existing huge dierenes between the measured values of relaxation times.
1 Introdution
In the last deade remarkable experiments were performed involving measurements and manipulations of states for
a single or several nanosopi Josephson juntions whih were onsistently interpreted in terms of two level quantum
systems [1, 2, 3, 4, 5℄. The main assumption in the theoretial analysis is that suh a many-body mesosopi system
an be eetively treated as a quantum system of a single degree of freedom typially desribed by a large spin
or nonlinear osillator model. A nonlinear Hamiltonian yields the struture of two lowest energy levels whih at
the low enough temperatures an be separated from the others to form an eetive marosopi qubit. The main
problem with suh models is a presene of a typially strong and olletive oupling to an environment. Namely, it
is expeted that the observed states should be rather well-loalized semilassial ones, whih seem to be the only
relatively stable with respet to external noise. This mehanism in briey disussed in the next Setion. However,
the semilassial states for the model of Cooper pair box (CPB) are haraterized by large harge utuations
whih are not observed in the experiments. Therefore, either environmental deoherene produing semilassial
states does not work for Josephson qubits at the typial time sale of the experiments or the standard single degree
of freedom model is not orret. The rst alternative seems to be unlikely beause the semilassial harater of
observed states is onrmed in the reent experiments on atomi Bose-Einstein ondensate (BEC) in a double-well
potential [7℄. Although this is a physially dierent system its mathematial desription is the same as for the
standard model of a CPB. In the Setion 3 the seond alternative is disussed, a lattie gas model of CPB. In this
model the oupling to an environment has individual and loal harater and the eetive size of the system is muh
smaller than in the standard model. Therefore, the piture of an eetive qubit an be orret and some quantum
features an be present on the relevant time sale. The prie we pay is that the qubit states are not as well dened
as in the standard model and strong leakage proesses to other states in the eetive Hilbert spae are present.
2 Colletive single degree of freedom model
The most studied, both experimentally and theoretially, examples of mesosopi system whih should support a
qubit are "superonduting qubits". For simpliity, only a CPB alled "harge qubit" is disussed here. It is a
iruit onsisting of a small superonduting island onneted via Josephson juntion to a large superonduting
reservoir. Coulomb repulsion between Cooper pairs in a small eletrode beome important and must be taken into
aount in the Hamiltonian. The simple Josephson Hamiltonian reads [1℄
Hˆ = 4EC
∑
n
(n− n0 − ng)2|n〉〈n| − EJ
2
∑
n
(|n+ 1〉〈n|+ |n〉〈n+ 1|) (1)
1
where |n〉 desribe the state with n Cooper pairs on the island, EC determines the magnitude of the Coulomb
repulsion, EJ governs the tunneling proess, n0 >> 1 is a number of Cooper pairs on the island at the neutral
referene state and the additional ng is a ne tuning of the external ontrol. To establish a typial value of n0 is
a subtle problem, some authors assume that all Cooper pairs should be taken into aount what yields n0 ≃ 108,
on the other hand one an argue that only the eletrons lose to Fermi surfae should matter what gives n0 ≃ 104.
The main assumption behind the simple Hamiltonian (1) is that all Cooper pairs oupy a single quantum state,
similarly to the BEC piture and therefore only the number of Cooper pairs matters.
Under the assumption n0 >> 1 and restriting to the states with |n − n0| << n0 the Hamiltonian (1) an be
rewritten in terms of spin variables Jˆk, k = 1, 2, 3 satisfying standard relations
[Jˆk, Jˆl] = i
3∑
m=1
ǫklmJˆm , Jˆ
2
1 + Jˆ
2
2 + Jˆ
2
3 = j(j + 1) (2)
with j = n0. The Josephson Hamiltonian reads now
Hˆ = 4EC(Jˆ3 − ng)2 − EJ
2j
Jˆ1. (3)
An essentially equivalent model Hamiltonian has a form of the nonlinear osillator's one
Hˆ = 4EC
(
aˆ†aˆ− (n0 + ng)
)2 − EJ
2
√
n0
(aˆ+ aˆ†) (4)
where [aˆ, aˆ†] = 1. In the following only the large spin model is used.
The devie is ontrolled by external eletromagneti elds whih are oupled to the net eletri harge Qˆ = 2eJˆ3
and to the eletri urrent
dQˆ
dt
= i[Hˆ, Qˆ] ∼ Jˆ2. Hene the ontrol Hamiltonian is given by
Hˆc(t) = h2(t)Jˆ2 + h3(t)Jˆ3. (5)
To desribe the inuene of an environment one should notie that the leading ontribution to the system-
bath interation is always of the form similar to (5) with the external elds hk(t) replaed by bath's operators
Bˆk; k = 1, 2, 3 and taking into aount that the utuations of the tunneling rate produe the term with k = 1.
Under quite general onditions the redued dynamis of the spin in Markovian approximation [8℄ is given by the
master equation for the redued density matrix ρˆ
d
dt
ρˆ = −i[Hˆ, ρˆ] +
3∑
k,l=1
ckl
(
[Jˆkρˆ, Jˆl] + [Jˆk, ρˆJˆl]
)
(6)
where Hˆ is given by (3) and the positively dened matrix [ckl] depends on the details of the reservoir. The stability
of the initial pure state |ψ〉 an be haraterized by the initial deay of purity
Γ(ψ) ≡ − d
dt
Trρˆ2|t=0 = 2
3∑
k,l=1
ckl
(〈ψ, JˆkJˆlψ〉 − 〈ψJˆkψ〉〈ψJˆlψ〉) (7)
The RHS of (7) an be treated as a dispersion of the total spin modied by some weights γk- eigenvalues of
the relaxation matrix [ckl]. Therefore, one an see that the purity of the eigenstates |j,m〉 deays with the rate
Γ(|j,m〉) ≃ γj2 . By semilassial states we mean the states whih minimize the dispersion of the total spin to the
value of the order ∼ j. The deay rate of suh states is of the order of γj (γ is a typial value of the relaxation
onstants γk). It follows that for large enough spins only semilassial states are relatively stable and an be
observed [6℄.
This type of "dequantization" is supposed to be the main mehanism of emergene of lassial world and
provides the solution for the problem of moleular struture, existene of deformed nulei and generally the absene
of Shrödinger at states. A nie illustration of this mehanism is provided by the experiments with atomi BEC
plaed in a double-well potential [7℄. The Hamiltonian of suh a system an be approximated by the Josephson one
(3) where the observable Jˆ3 orresponds to the exess number of atoms with respet to an equilibrium value n0 in
a hosen well. The semilassial utuations of the number of bosons in a given well ∼ √n0 are learly observed.
On the other hand, for CPBs suh large utuations of the number of Cooper pairs are not observed, on the
ontrary, superpositions of states whih dier by a single Cooper pair are visible in numerous experiments. This
suggests that perhaps the model based on the Josephson Hamiltonian (3) is not adequate.
2
3 Lattie gas model
In this model one assumes that due to strong Coulomb repulsion between Cooper pairs on the small eletrode they
annot oupy a single quantum state but rather a set of loalized sites with the oupation number 1 or 0. The
tunneling to a large eletrode is possible only from the sites plaed at the boundary of the small eletrode whih
is lose to the large one. The number of these relevant sites, denoted by m0 should be roughly proportional to the
square root of the total number of Cooper pairs n0. Taking n0 ≃ 108−104 one obtains m0 ≃ 104−102. Introduing
the oupation number operators nˆk = (σˆ
z
k +1)/2; k = 1, 2, ...,m0 with eigenvalues 0, 1 and spin-1/2 Pauli matries
σˆαk , α = x, y, z,+,−, k = 1, 2, ...,m0 one an propose the following model Hamiltonian for this system
Hˆ = 4EC
(m0∑
k=1
nˆk − (m0 + ng)
)2 − EJ
2
m0∑
k=1
(ξkσˆ
−
k + ξ¯kσˆ
+
k ). (8)
Here the rst term desribes Coulomb repulsion and ng ∈ [0, 1) is a ne tuning ontrol parameter. The seond term
desribes tunneling from and to individual sites with the normalization of loal tunneling parameters
∑ |ξk|2 = 1.
Using the standard assumption EC > EJ >> kT one an restrit the eetive Hilbert spae to the lowest energy
spetrum setor Heff spanned by the following m0 + 1 basis eigenvetors of the operators nˆk
|0〉 ≡ |1, 1..., 1〉 , |k〉 ≡ | 1, ..., 1, 0︸ ︷︷ ︸
k
, 1, ..., 1〉 , k = 1, 2, ...,m0. (9)
Introduing a normalized vetor and two projetors in Heff
|ξ〉 ≡
m0∑
k=1
ξk|k〉 , Pˆ = |0〉〈0|+ |ξ〉〈ξ| , Pˆ⊥ = Iˆ − Pˆ (10)
one an write down the Hamiltonian (8) restrited to Heff and up to an irrelevant onstant as
Hˆ =
E(ng)
2
(|ξ〉〈ξ| − |0〉〈0| − Pˆ )− EJ
2
(|ξ〉〈0|+ |0〉〈ξ|) , E(ng) = 4EC(1− 2ng). (11)
The energy levels of (11) onsist of the m0 − 1 manifold of degenerated levels of the energy equal to zero given by
the projetor Pˆ⊥ and two levels |±〉 of positive and negative energies E±
|+〉 = cos θ
2
|ξ〉 − sin θ
2
|0〉 , |−〉 = cos θ
2
|0〉+ sin θ
2
|ξ〉 , E± = ±1
2
√
E(ng)2 + E2J −
1
2
E(ng) (12)
where θ is dened by cos θ = E(ng)/
√
E(ng)2 + E2J .
The external ontrol is performed by the oupling through the total eletri harge operator Qˆ and the total
eletri urrent Jˆ whih, when restrited to Heff reads
Qˆ = e(|ξ〉〈ξ| − |0〉〈0|+ Pˆ⊥) , Jˆ = i[Hˆ, Qˆ] = ieEJ(|0〉〈ξ| − |ξ〉〈0|). (13)
Obviously, if the system is ompletely isolated the qubit spae spanned by |0〉 and |ξ〉 is invariant with respet to
the Hamiltonian and the external ontrol yielding the usual model of harge qubit. We denote its qubit observables
by
σˆ+ξ = |+〉〈−| , σˆ−ξ = (σˆ+ξ )† , σˆzξ = (|+〉〈+| − |−〉〈−|). (14)
In ontrast to the large spin model the oupling of the lattie gas model to a bath has individual and loal
harater. The suiently general form of the system-bath interation Hamiltonian is given by
Hˆint =
m0∑
k=1
∑
α=x,y,z
σˆαk ⊗ Bˆαk (15)
restrited to the subspae Heff ⊗ Hbath. One an assume that the bath operators Bˆαk orrespond to dierent
independent onstituents of the bath ("private baths" piture). Applying now the standard weak oupling limit
tehnique and assuming that the temperature of the bath is zero and the private baths are idential one obtains
the following master equation for the redued density matrix of the system [8℄
d
dt
ρˆ =− i[Hˆ, ρˆ] + λ([σˆ−ξ ρˆ, σˆ+ξ ] + [σˆ−ξ , ρˆσˆ+ξ ]
)− ν[σˆzξ , [σˆzξ , ρˆ]] (16)
+ µ1
m0−1∑
k=1
([aˆkρˆ, aˆ
†
k] + [aˆk, ρˆaˆ
†
k]) + µ2
m0−1∑
k=1
([bˆkρˆ, bˆ
†
k] + [bˆk, ρˆbˆ
†
k]). (17)
3
Here
aˆk = Pˆ
⊥|k〉〈+| , bˆk = |−〉〈k|Pˆ⊥ (18)
and the deay rates λ, µ1, µ2 ≥ 0 and "pure dephasing" rate ν are given by standard expressions involving Fourier
transforms of the autoorrelation funtions for baths operators taken at frequenies orresponding to proper energy
dierenes.
One an obtain from (17) the Pauli Master Equation for the level oupation probabilities p± = 〈±|ρˆ|±〉 ,
p0 = Tr(ρˆPˆ
⊥
ξ ):
dp+
dt
= −2[λ+ (m0 − 1)µ1]p+ (19)
dp0
dt
= 2(m0 − 1)µ1p+ − 2µ2p0 (20)
dp−
dt
= 2λp+ + 2µ2p0 (21)
and the losed equation for the qubit oherene z = Tr(ρˆσˆ+ξ )
dz
dt
= (iω − [λ+ 4ν + (m0 − 1)µ1])z , ω =
√
E(ng)2 + E2J (22)
One an notie that the leading damping eets in (21, 22) are proportional to Γ = (m0 − 1)µ1 >> µ1, µ2, ν, λ.
Taking only them into aount one obtains an approximative solution on the time sale of the order Γ−1
p+(t) = p+(0)e
−Γt , p−(t) = p−(0) , p0(t) = p0(0) + p+(0)[1− e−Γt] , z(t) = z(0) exp{(iω − Γ/2)t}. (23)
In this approximation the third, highly degenerated level ats a "probability sink" for the qubit. The long time
behavior is given by
t >> Γ−1 , p+(t) = 0 , p0(t) = p+(0)e
−2µ2t , p−(t) = 1− p0(t) , z(t) = 0. (24)
The only diretly measured observable is the net harge
Q(t) = Tr(ρˆ(t)Qˆ) = (z(t) + z¯(t)) sin θ − (1− p0(t)) cos θ + p0(t). (25)
We are interested also in the time dependene of the averaged energy given by
E(t) = Tr(ρˆ(t)Hˆ) = E+p+(t) + E−p−(t). (26)
Assume, for simpliity, that one prepares a system in a pure state |ξ〉 and hoose ng = 1/2 (sin θ = 1) what
orresponds to the experimental setting of [2℄, [3℄. Combining the formulas (25) and (24) one obtains the evolution
of the mean harge for short times
Q(t) =
[(
cos(ωt) +
1
2
e−
Γt
2
]
e−
Γt
2 +
1
2
. (27)
Although the predited form of "oherent harge osillations" diers from that obtained for the 2-level model
Q(t) = (2 cosωt)e−
t
T2 , (28)
with the deoherene time T2, both urves an be tted to the experimental data. Moreover, both urves give the
same Lorentzian frequeny spetrum around ω when T2 = 2/Γ.
The measurements of energy relaxation are usually performed for ng ≃ 0 (sin θ ≃ 0). As EC > EJ hene
E+ ≃ 0 , E− ≃ −4EC . (29)
It follows from (24),(26) and (29) that the energy deays to its lowest value on the long time sale
E(t) = 4Ec
(
p+(0)e
−2µ2t − 1). (30)
The relation (30) an explain observed in [4℄ long relaxation times orresponding to T1 = (2µ2)
−1
in ontrast to
a muh faster deay of p+(t) with deay time T1
′ = Γ−1 whih seems to determine the results of [3℄. The ratio
T1/T2 ≃ m0/2 estimated from the experimental data of [4℄ gives a reasonable value m0 ≃ 103.
4
4 Conlusions
A new model of a Cooper pair box is proposed, based on the piture of a large number m0 of loalized states
("lattie sites") whih are oupied by at most one Cooper pair for eah site and from whih the Cooper pairs an
tunnel to a large superonduting reservoir and bak. This model is ompared with the standard model of a large
spin j = n0 system, where n0 is an average number of Cooper pairs whih oupy a single quantum state deloalized
over the whole superonduting island. The main dierene between both models is due to the interation with an
environment. For the large spin model all Cooper pairs interat olletively with the bath what makes the states
with a xed harge very unstable with deoherene rates ∼ n20. The relatively stable states with life-times ∼ n0
possess semilassial harater and yield large harge utuations of the order
√
n0. This behavior is onrmed for
the atomi Bose-Einstein ondensate in a double well, whih is desribed by the similar mathematial model. It
is very diult to explain why this mehanism should not work for a CPB and why the well dened harge states
remains relatively stable.
The lattie gas model suggests a loalized oupling of any site to its individual heat bath what at the low
temperature regime produes harge utuations of the order O(1) in agreement with experiments. However, the
many-body harater of the system is still present. The relevant part of the Hilbert spae is spanned not only
by a pair of Hamiltonian eigenstates orresponding to a qubit but also by m0 − 1 degenerated states whih form
a probability sink for the exited state of the qubit with the deay rate ∼ (m0 − 1). The predited form of the
damped harge osillations diers from the standard formula providing a possible experimental test of the model.
This model explains also a huge disrepany between dierent data on relaxation times, introduing natural two
time sales for dissipative proesses in the system.
Finally, one should mention another dierene between the standard qubit model of CPB and the lattie gas
model. In the former the eetive 2-dimensional Hilbert spae is spanned by the vetors orresponding to non-
degenerated eigenstates of a harge operator. In the later model, one of the qubit states is a superposition of
a large number of degenerated harge eigenstates with the probability amplitudes determined by loal tunneling
rates whih an vary in time. Therefore, one an expet to observe a slow random drift of that state over the m0
dimensional Hilbert subspae. This means that not only the probability leaks from the qubit but the qubit itself
does not orrespond to a xed well-dened 2-dimensional subspae.
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